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Abstract

In this article, an algebraic study of the transformations
m
&, )= R-x+ > Ajlilr+ ¢’
=0

of Newtonian space-time onto itself is presented. The study is carried out within the
framework of Eilenberg and Maclane’s co-homology theory of group prolongations, a
generalisation of the theory of group extensions (Eilenberg & Maclane, 1947a-d). The
‘loops’ or non-associative groups involving ‘@’ from 0 to 5 are placed in classes of
decreasing associativity described in the text. We also discuss the physical applications
of the cup-product of co-chains and the vector bundle structure of Newtonian space-time.

1. Newtonian Space-Time

As a basis for our discussion of the automorphisms of Newtonian space-
time, we choose the axioms and definitions formulated by Noll (1967).
His definition of ‘world automorphism’ is extended from the original to one
where, more generally, we can discuss the action of a set of non-associative
auntomorphisms in the space-time.

After stating and developing Noll’s axioms, we proceed to the point of
obtaining a multiplication table for the generalised automorphisms. At this
stage, we discuss the mathematical apparatus used to analyse the multiplica-
tion tables. Initially, the definitions and their immediate consequences are
presented without the elaboration of proofs. We do, however, provide
proofs for the most important theorems which are later used to classify the
world automorphisms. Then, having developed the theory to a sufficient
degree, we place the ‘loops’ of automorphisms in the relevant categories of
group prolongation.
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Axiomatic Newtonian Relativity

Let W be the set of events constituting the world. The first axiom concerns
the measurement of time.

Axiom 1

There exists a function 74: W x W — R called the time-lapse function.
For two events x;, X, € W, 7o(xy,x,) is their relative time lapse. Experiment
requires that ro must satisfy the following three conditions:

Q) 7o(x1,X2) =—7o(X2, X)) V X, X, 6 W
(2) 7o(x1, %2) + 7o(32, X3) = 7o, X3) V X1, X5, X5 € W
B VExDHDeWxR IyeW Frlx,p)=t

One can assign relations in W x W via the function 7,. Firstly,
F={(x;,x) e WX W }-7(x1,%X2) > 0}

Fis called the future relation. The relation P = FT is called the past relation.
Forming the subsets

P(x)={yeW }(x)eP}, FX)={yeW }-(»x)eF}

Condition (1) means that x € F(») iffy € P(x). Condition (2) means that Fis
a transitive relation, F o F < F, One can also define an equivalence relation
S'=F N P called ‘simultenaity’, where if (x;,x,) € S, x, and x;, are said to
be simultaneous. Given x € W, the subset

F(x) N P(x)=S(x)

is called the instant of x, the set of events in W ‘simultaneous’ with x. The
world set W is thus partitioned into disjoint instants. Note that Fis not a
partial-order relation, since § is a proper subset. In special relativity, Fis
replaced with the Zeeman causal order (Zeeman, 1964) which is a partial
order in W.

The second axiom of Newtonian relativity is concerned with the instants.
1t will be more convenient for us to work in terms of a function 7, called the
relative time, instead of the time-lapse function =;. We selectaneventz e W
as a base point. Given 7, a function 7,: W — R is defined called the ‘time
relative to the event z°. The function

T x> 1o{x,2)V xe W

is called the time of x relative to z. Given two events x, y € W, the time lapse
74(%,7) in terms of the relative times is

To(x, y) = Tz(x) —7y) (1'1)

from condition (ii) on 7. Condition (3) in Axiom 1 means that Vze W, =,
is a surjective function. Thus W is a fibre bundle over R. The cross-sections
of W are trajectories in space-time. Axiom 2 imposes structure on the fibres
or instants.
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Axiom 2
Each fibre is a real, Euclidian linear space of three dimensions.

Thus Axioms 1 and 2 impose a vector bundle over R structure for W, and
in addition; each fibre is an Euclidian topological space. The real line, ‘R’,
is interpreted as the time axis.

Axiom 2 also implies the existence of a surjective function

¢, W—R3

where ¢.(x) is the position of the event x € W with respect to the event z,
#.(z) = 0. A bijective function y,: W — R3 x R can be defined in terms of
7, and ¢, by
V2 X (:(x), (%))

In the following, we will drop the subscripts ‘z’; working in terms of a
fixed origin or present.

Having imposed the structure of a vector bundle of real, three-dimensional
Euclidian spaces on W, we are in a position to define the so-called world
automorphisms of W.

Axiom 3
There exists a set A(W) and a mapping A\t A(W) x W— W, Ni(g,x) —
g'xV (g,x) e A(W) x W such that conditions (1), (ii) and (iii) are true.
(D) oo (gxg =17, geAW)
where g x g: (x, x2) > (g%, %)V X, x,e W
(i) A(W)is a loop and
g1°(g2'x)=(g1081) XV g1, 826 AW), xe W
(iii) e-x =xV x € W, ‘¢ being the idempotent of A(W)

We shall impose another axiom on the system shortly, but for the present
we shall consider the consequences of Axiom 3.

Now there is, implied above; a loop homomorphism from L into the
group Sym (W) of permutations of W, such that

D(gx)=g'xVgedlW), xeW

Via the isomorphism y: W= R3 x R, there is an action of 4(W)in R3 x R
and a homomorphism @* from A(W) to Sym(R? x R).
The action of A(W) on R? x R is defined by
g¥=yogoy™
ie.
g*y(x) = y(g'x)
or

g*($(x), 7(x)) = (¢(g - x), (g x))
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The homomorphism ©* from A(W) to Sym(R? x R) is just
O¥=Pol

Where I:f+—> y o foy ' V fe Sym(W).
Now via axiom 3(i) we must have

T8 X1, 8 %) = To(X1, %) V g € AW); X1, X6 W
That is, from equation (1.1), we must have
(g x1) — 7(g-x2) = 7(x;) — 7(x2)
or
(g %) — 7(x;) = (g x3) — 7(32)

We surmise that 7(gx;) — 7{x,) is independent of x;, i.e. we can define a
function ‘o’ from A(W) onto R by

7(g-x) = 7(x) + o(g)
By axiom 3(ii)
o(g; 0 g2) = o(gy) +o(gr) (1.2)

Which means that o € Hom{4(W), R*), where R* is the additive group of
the reals,
We now formulate Axiom 4.

Axiom 4

For each g e Ker(o) < A(W), o(g) is an isometry of Euclidian space.
That is, if x, and x, are two sections from R to W, then

[x1(8) — %20 = | P(&) (x:(1)) — P(g) (x:(1)) V £ € R, g € Ker (o)

1t is clear then, that @(g)(x()) is of the form P(g)(x(r)) = R(g) (x(#))+
f(g)(t), where R is a function from 4(W) onto 0(3,R) and f(g) is a section
from R to W. We can rewrite the above as

B(g) (x(1) = (R(2) x +/ () (1)
or
g x(t)=R(g)x+f(g)()V g e Ker(o) (1.3)
From Axiom 3(ii) we must then have
g1°g2x(1) = (R(g1) " R(g2) x + R(g) (/) (g2) + f(g ) (D)
That is, R € Hom{(4(#¥), 0(3,R)) and
S € Zlaor(A(W), Sec(R, R))
Each element of 4(W) can be written
g=j(®) o i{(R;[)
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where [ embeds the group extension Sec(R,R*»[X..,0(3,R) into 4(W),
which we identify with Ker(c). %/’ is a section from R* to A(W) which we
choose to be monomorphic

J@)ojlt) =jti + 1)V 1,5, RF

(1) %) = 7(x) + o(j(1)) = 7(x) + ¢
The action of the element j(z} o #(R,f) on an event x € W is given by
JAVER VX, 1) =j@ ) (R-x + f(1), 1)
={Rx+f(t),t+1") {1.4)
Thus applying equation (1.4) twice, we obtain
[ (1) 0 iRy, /1) © (j(t2) 0 i(Ra f)I*(x, 8)
= [j(t:) 0 iRy, f)I* o [i(t2) 0 iR f)I*(x, 1)
=(Ry"Royx+ Ry L)+ /it + 1), t + 1) + 1) (1.5)

Equation (1.5) thus establishes a multiplication table in A(W). Its structure
is the primary interest of this paper. We cannot as yet use the table to base
a detailed analysis of the structure of A(W), because we cannot ‘add’ the
terms appearing as translations. To facilitate our discussion, we define a
function

We have

£:Sec(R, W) x R — Sec(R, W)
by
E (i)t [+ ) — )V feSec(R, W), t,t' R
Equation (1.5) can then be re-written in the following more amenable
form

(1) 0 iRy, 1) 0 (j(£2) 0 i(Ra.12)) = (1. (Ri, /1)) (12, (Ra, 1))
=t + 1, (R R i + R o + E(f1, 1)) (1.6)

Equation (1.6) will be used to determine the multiplication tables on loops

A(W)m < A(W)m € Z*. These sub-loops of A(W) have the property thatthe

‘translations’ (viewed in Sym(R? x R)) are polynomials in ‘¢’ of degree ‘m".
Let us consider then polynomials of the form

f=3 AX
i=0

in the polynomial ring Z(R%. We shall choose a substitution homo-
morphism of the form

o1): > é A, 11!

We shall only in fact be interested in the abelian subgroups {4,,>m € Z* of
the abelian group Z(R%)

An={feZR% L f)<m< w}
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[2(f) being the degree of f]. These abelian groups are clearly isomorphic
to direct sums of isomorphic copies of R3

Li:d,~ ®R}
i=0

via

3

LoS A, X > <AD
i=0

Physically, we interpret the action of these groups on W as follows.
A, is the group of pure translations

&, ) (X + Ay, 1)

Similarly, R;? consists of the grbup of pure velocity boosts, or Galilei
boosts

(X, £) > (X + A, 1, 1)

whilst A4, receives the interpretation of a Galilei boost with non-constant
velocity

(X,t)l'—> (X+A0+A1t+%Azt2,t)

We shall call transformations in R,® translations; transformations in R,3,
velocity boosts, and transformations in R,? acceleration boosts.

Recall now equation (1.6) and the function ¢(f},f>). Limiting ourselves
to the above polynomial sections (of a given degree m1) we can find the form
of £, Now '

£ DO =HO—Filt+1) = > AN = (t+ 1))l
Expanding out powers of ‘¢’ we obtain
fnd 0= 5 (3 ia-p1) e 17)
i=0 \j=0

Thus, if we describe multiplication in A(W),, in terms of ‘(m + 3)-tuples
(BoArs-- A, R0V < (& R) x 06, R) x RY)
i=1

we obtain the multiplication table
((Aols Alls AR ] Aml)a (Rla tl)) ° ((A02= Alz’ R Amz): (R23 tz))

=((R1 Ad+ 5 AL RAR+ S AMEG- DL
=3 J=m

—Rl Ak2 + Z ‘AJl li_k/(.]'_ k)!’ vy Rl Amz + Amla (Rl RZ: zl + 72))
i=k
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Using the above multiplication table we shall investigate the structure of
the subloops A, (W) of A(W) for m =0 to 5, in Section 3. Section 2 below
is concerned with developing the necessary mathematical apparatus.

2. Cohomology Theory of Group Prolongations 3,4, 5, 6, 7 and 8

The cohomology theory of group prolongations has been developed as a
generalisation of the cohomology theory of group extensions. Only one
paper has been published on this subject {Eilenberg & Maclane, 1947a), and
papers on loops are rather few and far between. Hence here we derive and
prove some of the most important theorems necessary for our programme.
Central to the theory is the idea of not-necessarily exact sequences, and non-
zero and zero sequences. Consider a sequence C = {C",8"yn € Z* of pairs,
where, V n e Z*, C"is an additive abelian group and

8" € Hom (C”, C**1)
One calls such a sequence a complex. If
Fod!'=0VneZt

the sequence is called a ‘zero sequence’ or semi-exact sequence. Here we
must have :

Im (8" 1) < Ker (8.
An exact sequence is a semi-exact sequence, with
Im (8"1) = Ker (&%)

The group C" & C is called the group of n-dimensional co-chains of the
complex C. Im(&" )= B" is called the group of n-dimensional co-
boundaries, and Ker (8") the group of n-dimensional co-cycles of the com-
plex. If Cisazerosequence, then B” < Z" V n € L*, Inthis case, the quotient
group H"=2Z"/B" is called the n-dimensional co-homology group of C.
Clearly, if C is an exact sequence, H"= 0-V ne Z*,

Now, let O be a multiplicative group and K be an abelian group, noted
additively. Also let there be a function

p e C(Q, Aut(K))

[where C{4,B) is the set of all functions from 4 to B]. Form the additive
group, under addition of functions; C,"(Q, K), of functions from Q" to K.
One defines a sequence {8"» n € Z* of homomorphisms

8" e Hom(C,(Q, K), C**1(Q, K))
via:
(V@15 5 Gur) = P(@1) S(G2s -+ s Gus)) + 1 (g1 00

+ igl (—3)7@1: e Girys - *:%&—H)
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One can then verify (Eilenberg & Maclane, 1947b) that the sequence
Cp(Q, K) =<C(Q,K), )ne Z*
has the property that:
8" 0 8"(f)@1; -+ Gni2) = P(919292) f (G2 - - 5Gns2)
—P(41) 0 P(92) f (@2 - - s Gns2)
Thus Cp(Q,K) is a zero sequence iff
p € Hom{Q, Aut(K))

In general then Cp(Q,K) is a non-zero sequence. In our applications we
shall have to deal both with zero and non-zero sequences of the above type.
In the following discussion of loops and group prolongations we shall
very often just list the definitions and their consequences. The proofs of
the theorems and lemmas left unproven are, on the whole, elementary.

2.1. Loop Theory

(i) A loop L’ is set S with a binary operation which is a function from
Sx StoS.

(i) JeecLeoa=aoeVuacL.

(iii) V «, B €L, the equations « 0 x = 8, y o 8 = « have unique solutions.

It follows that the idempotent e € L is unique as in the group case. Iff L
is associative, then axiom (iii) implies the identity and uniqueness of left
and right inverses. In the general case, right and left inverse exist but are not
identical.

Definition 1. We define a function 4,:L3 — L called the associator via

oy © (&g 0 ag) = As(ety, %, 23) © ((og © 23) © ax3)
v (061, 257 “3) € L3

Higher associators are defined in terms of 4, via

A2u+1(°‘1, v °‘2n+1) = As(“xs %&3s Azn+1(°53, veus O2p41)
\4 Olgyesey Xappl el

Some Relevant Loop Theory

Definition 2. A sub-loop L' < L is a subset of L which is closed multiplica-
tively and whose multiplication satisfies axioms (i) to (iii).

Definition 3. A subgroup G < L is an associative sub-loop of L.

Definition 4. A function f:L, from a loop L, to a loop L, is a loop homo-
morphism if
flagoa)=f(a) o flex) V oy, 05 € Ly

Definition 5. A normal sub-group G <1 L is a sub-group of L for which
xoG@=GoaVaecl
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Definition 6. An element « € L is said to be either left, centre or right
associative in L if either, V B, y € L,

As(e, ﬁ’ 7) =€
A3(l35 o, 'J/) =€

4By, 0)=e
respectively. A subset S < L is right, left or centre associative in L if all its
elements are right, left or centre associative. We state, without proof, the
following propositions and lemmas.

or

or

Proposition 1. A sub-loop L' < L is a sub-group L' < L if it is either left
and centre or right and centre associative in L.

Proposition 2. If G is a sub-group, centre associative in L, then the relation
oy~ iffIgeG oy =a,0g

is an equivalence relation.

Lemma 1. Let G be a normal left and centre associative sub-group of L.

Then
(Gox)o(GoPf)=Go(xoP)Va,Bel

Lemma 2. If G is a centre and left associative normal sub-group of L, then
the surjective mapw: L — LG, mwo: — G o a is a loop homomorphism.

Lemma 3. The loop L/G, where G is left and centre associative in L and a
normal sub-group, is a group if 4;(ey, x5, 003) € GV &y, a1y, 3 € L.

Definition 7. Let o, B L. The inner transformation S+ «-8 is defined
V o, BeLby

aof=aBoa
Lemmad. letG <L. Then G <] Liffarge GV acL,geG.

Lemma 5. Let G be a normal, left and centre associative sub-group in L.
Then V o € L, g+ g is in Aut(G). Also,

a(Bg)=A(x,B,8)0(x0f)gVefelgeC
Group Prolongations
Definition 8. Let Q be a multiplicative group, K a left Q module. A prolonga-
tion of Q by K is a pair (L, ¢) where
(i) Lisaloop and K is a sub-loop of L.
(ii) ¢ € Hom(ZL, Q) and is onto, Ker(¢) = G > K.
(iii) G is left and centre associative in L.
(iv) The associators lie in%(G) the centre of G:
Aoy, 0, 03) €C(G) V oy, 09,05 € L
™) k=p(p())(k)V «€ L, ke K. pe Hom(Q, Aut(K)) being the
action of Q in its module K.
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The following short lemmas are immediate consequences of the definition.
Lemma 6. G is a normal sub-group of L.
Lemma 7. K is a sub-group of €(G), the centre of G.
Lemma 8. K is the left, right and centre associative in L.
Lemma 9.%/(G), the centre of G, is normal sub-group of L.

We see that the lack of associativity in a group prolongation is limited by
the fact that the sub-loops%(G) and G are associative and normal and the
quotient loops L/(G) and LG are also groups. If G = Kand L is associative
(L,¢) is clearly a group extension of @ by K.
Characteristic Co-chains

Let (L,¢) be a prolongation of Q by K. Then by Definition 8(iv), we can
regard the associators A,,,; as ‘co-chains’ in:

CEIMLE@) V=1
We form the non-zero sequence {C",(L€(G)), 8, where €(G) is mapped
into itself automorphically by L in the canonical manner
can(o): g+> o gV ucl, geqG

Note that from Lemma 6, can ¢ Hom(L, Aut(%(G)). We shall show that
8(42,11)=0V n>1,o0r

A2n+l € Z%ZII(L: g(G))
Theorem 1

Let (L, ) be a prolongation of Q by G. Then the associators 4,,,, are
‘co-cycles’ of the non-zero sequence? .., (L, %(G))

A1 € ZZ(L,%(G))
Outline of Proof. Clearly, A,,,, € CZH(L%E(G)) via Definition 8(iv). We
shall show that 4, € Z},(L,%(G)), and proceed by induction. Firstly, we
compute the product a; o (o, 0 (x5 0 &y)) two ways. We have
oty 0 (orz 0 (003 0 0g)) = #(A5(0ty, 019, 013 © ) © (o © &3) 0 (a3 0 1))
where i injects 6(G) into L. Thus
oy O (o © (o3 0 atg)) = iAoy, 23, 223 © aty)

+ A3(oy 0 0tp, 3, 04)) © (0t 0 ) 0 3) 0 )
Again,

oy © (g 0 (03 0 crg)) = oty 0 i(A5(eta, o3, 24)) © (02 © 2x3) © ay)
= i((ory * Aoz, 013, ) © (21 © (222 © 03) 0 0t4))
= i((oty * As(org, o3, ) + Aoy, 0y © a3, 1))
o (a1 0 (o5 0 &3)) 0 ay).
i(aty * A0, 003, 0t4) + A3ty 0t © 023, )
+ As(ey, 0z, 03)) 0 ({21 © 00) © ) © ety
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Hence we must have

%) 'AJ(“Za o3 “4) + A}(ah %, O o3, 0‘4) + A(“b %2 OC3)
— Ao 0 0y, 003, 04) — Agory, o, 003 0 a4) =0
Which is .
S(AS) (“1: %y X35 “4) = 09 A3 € Zgan(Lag(G))

One now proceeds by induction. However, we omit the remainder of this
proof, which can be found in the work of Eilenberg & Maclane (1947a).

Now, let (L, ¢) be a prolongation of Q by K. Choose a sectionj: @ — L,
¢ o j=l,. Then we must have

J(@ o j(g,) = gjz(q“%) 0j(q1 0q2)
Where g,%(q1,9,) € G, with g(g;,€) = g%(e,q;) = e.

Definition 11. Given the canonical function g;2 from Q? to L corresponding
to the section ‘j° from Q to L, higher ‘characteristic co-chains’ of the non-
zero sequence? (0, 6(G)) are defined by

g7 M q1s - - s Gani1) = A2 (F(91); - - 5 (@2n1))
g7 G5 - -+ G2n12) = A2urr((@1)s - - 8420415 G2042))
V n > 1. The canonical action of Q on%(G) is defined via
q:g+>j(g):g Vg€ Q,ge?(G)
Theorem 2

Considered as co-chains of the non-zero sequence %,,,(0,4(@)), the
characteristic co-chains g;",n > 2 are interrelated by

gl =08(gMVn>2

for a given section from Q to L. The expression can also be regarded as true
for n=2, when g ¢ C%,(Q,%(0)) and g;° € B%,,(0,%(G)).

Lemma 11. Given Definition 11 for the higher characteristic co-chains for

n>2
gjn E%Zan(Q,g(G))

If we make a new choice of section j* from Q to L, the co-chains g% are
related to the g;* by
gfln+l o g‘%n+l + (p‘%n}tl

gjy+2 . g:,’;n+2 + 8(@3:1"“
Where 933! e625H1(Q,4(G)) is defined by
DI = A1 (@1)5 - - 55 @2n) ] @200 7 (G 201) ™)

Types of Prolongations

Here; one restricts the non-associativity of the general prolongation of Q
by K by requiring that certain higher associators vanish.
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Definition 12. We define four basic types of prolongations
‘ @nLa @nGa K"L’ KnG

via
(L9 ¢) € @nLiﬁA2n+l(‘xl’ LR OC2n+l) =€
(L= ¢) € @"G iff Agprr(oss .o 2 g) =€
(L, <?5) € KnL iﬁ‘AZnH(‘xl’ sty EK
(L3 95) € KnG iﬁ.AZn+1(°‘Ia ceey Oops g) ek

Where o, ..., ton €L, g €G.

From now on, we prove our theorems because of their importance in the
following analysis in Section 3.

Lemma 12. The inclusions between the classes 6,5, 6,%, K,* and K,¢ are
summarised by the non-exact diagram below.

L G ot e° N
>
n+1

><><><

K—-———>K

n=1 n+1
Proof. The inclusions 0,L<0,%, KLr<K/SC 6F<Kr! and 65K
follow immediately from the deﬁnltlon Now 0, < @,, 1, for, let (L, ) € ©,°
then

A2n+1(°‘ls N o‘2mg) =€
Hence
] Agni1 (01« « o5 Oany A3(02nt1s Fanss %2nt3)) = €
i.e.
Apnis(@1s e vy dongs) =€
(L,$) € O, and ©,° < OL ;. Next let (L,$) € K,%, then

A2n+1(061, sy dzn,g) ek
therefore,

Aopir(ay, ..y oon A3(0ani1> %ant2s %2ne3) = Aoui3(0ns . ooy Oope3) €K

so (L,$) € KL |, thus it follows that K,¢ < KL,. Lastly, K,F <@L, for, if
(L,$) € K,b, then

Agnir(egs s 22ny) €K
But K is left, centre and right associative in L. So

Aoy, 0tgy Apnir (g, . . “2n+3)) =0
or
PR (T 062u+3) =0

so (L,$) €O, | Hence K, < 6O, ,.m
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Lemma 13. Let g;* be the characteristic co-chains of 67,,(Q,4(G))n > 2
corresponding to the section j: Q — L in the prolongation (L, ) of Q by K.
Then

() L.peb,lt =gl =0

i) (L,$)€0,% = g2 =0

i) (L, ¢) e K- = g2t €20, K)

(iv) (L, ¢) € K,® = g¥*2 e€2"2(Q, K)

Where the sequence {(C,"(Q,K),0")yneZ" is a zero sequence, p &
Hom(Q, Aut(K)).
Proof. () If (L,$) € B,F, then:
A1 (@15 5 G2n41) =0

thus, in particular,
Aon1(G(q1)5 - - 7 (@2nr1)) =0

or
&an1(q15 -+ s G2n41) =0

(ii) If (L, $) € 0,5, then
A2n+l(qla'-~:q2mg)=05 gEG

in particular
A2nt1(7 (@15 + - 57 (@2n) 8 (@2nt15 Gans2)) =0

or
g_?"+2(9h “ses q2n+2) =0

Let (L,¢) € K,F, then, by definition,
Agnir(ays .-y 02pr1) €K

or
gf"“(qb oo Gan) = A2001(F(@1)s 5 - 5 (@2ns1)) € K

So that g3**! e 2"t (Q, K). Finally, (iv), if (L,$) € K,°, then Ay,.i(xy, ...,
mg) €K, g G. Thus

Az (G(@1)s - T @2n), 84 2n115 Dans2)) =g§"+2(€h: <o qami2) €K
SO g§n+2 E%&gn+2(Q, K).l

Theorem 3

If n > 1 and the prolongation (L $) € 0,5 N K theng¥*ie Zt(Q, K),
and g+t —-gz"“for all sectionsj’ from Qto L. Also, if (L, qS) €0, z ,83 1 =0
and lf(L ¢) E 19 theng 2n+2 € B2n+l(Q K)

Proof. Letn> 1. If (L,¢) € 6,° N KL then, by Lemma 13,
g2n+2 0= 8(g2n+l) and ggn-(-l e C%,'H-I(Q, K)
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Hence, g3+ e Z2**1(Q,K). If j’ is another section of Q into L, then, via
Lemma 11, we must have

2n+1 _ p2n+1 2n4-1
gFtl =g + 07

where
(p_%:l;"l(qla e q2n+l) = A2n+l(j(q2n)3j’(q2n)a jl(q2n+l)j(q2n+l)_l)
But
(La ¢) € @nG n KnL = A2n+1(g(q1)’ .. -7j(qn)s g) =0V geaq
SO

@3:‘;’1((q1), LR (qn): q2n+l) =0
or 341 = 0. Therefore, g2+ = g3"*1 V¥ section j'.
Next, (L,$) € 0,* = g3"*! =0 from Lemma 13. Also, if (L,¢) e K¢,
then g2" € C2*(Q, K) by Lemma 13, so that g2"*! = 8(g%") € B2"*! (Q,K).m

Theorem 4.

Ifn>1and (L,$) € OL, N K5, then g¥*2 e Z2"*%(Q,K), and if j' is an
alternative choice of section of Q in L, then:

g2n+2 —_ g2n+2 + 8(@2n+1)’ @%n}l;l = C2n+l(Q K)

@251 being defined as in Lemma 11. Also, if (Z,¢) € K, then g7"*2 =0,
and lf(L ¢) e KnL’ then g2n+2 c B2n+2(Q K)

Proof. If (L,¢) € OF,, N K,€, then by Lemma 13 we must have
+
2n+3 =0= 8(g2n+2) and g:jZn+2 I C%'H"Z(Q, K)

Thus, g3+! e Z2"*%(Q, K). If j’ isan alternative choice of section from Q to L,
then, via Lemma 11, we must have

g3n+2 — g2n+2 + 8(@271—(-1
where, by Lemma 11, ®3%}! is defined by

2"“(41, o Gant1) = A2n1(F(@1)s - - 57 (@2)s T @ans1) T (@) ™)
where j'(q)(j(¢))~' G. But we have (L,¢) € OF,, N K,, so that

A1 (@D, - - 57 (@2n)> J (@2ne1) G(@2ns ) ) €K

or P2t e C21(Q, K) Now let (L, ) € 6,°, by Lemma 13, g2**! =0, and
if (L, ¢) € K,,L, then g3" € C¥(Q,K), so that gz"’“l 8(g*™ € BZ(Q,K).m
In order to include the case when G = K, we define X,° as the class of
prolongations with G = K. Then

is the class of associative prolongations of Q by K, the set of groupextensions
of 0 by K. Now if

(L, $) € K¢

then g, €%,%(Q, K) and hence g;* = 8(g,%) € B,%(Q,K).
The higher canonical co-chains must vanish.
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This completes our short review of the mathematical techniques to be
applied in Section 3 below. Details of proofs omitted can be found in the
work of Eilenberg & Maclane (1947a). A more elementary review can be
found in the work of Eilenberg (1949), but this is much less detailed.

3. The Loops CA(W)m)>0 < m < 5 as Prolongations

Here we compute ‘by hand’ the prolongations into which the A(W)m can
be case. The most physically relevant loop A(W), will turn out to be a group,
the Galilei group of inertial transformations.

Case 1: The Loop A(W),
The multiplication table of A(WW), is

((Ao',(Ry, 1)) 0 (Ad™(Ry, 12)) = (4o + Ry Ag*,(Ry* Ry, 1y + 1))
This is a group whose structure of a group extension is trivial. That is
AW) 2 EG,R)y @ R*

Here, E(3,R), is the Euclidian group, a semi-direct product of 0(3,R) by
R,? the translation group, via the canonical action of 0(3, R) on R3,

Case 2: The Loop A(W), (the Galilei Group)
Multiplication in A(#), takes the form

((A()l, Al l)s (Rh tl)) ° ((A029 Alz); (Rla tZ))
=((4o' + Ry-A® + Ay 1y, 411" + Ry A3, (Ry Ry, 1y + 1)

This loop has several interesting structures as a prolongation, some of them
trivial, We shall derive the most interesting one which is relevant to the
consideration of the higher loops, and list at the end the other structures.
We exhibit, then, A(W), as a prolongation of the group E(3,R); ® R* by
R3. Now the canonical epimorphism ¢ € Hom(4(W),, EG,R); ® R*) is

?S: ((AO: Al): (R: t)) > ((Ala R), t) (31)
Then Ker(¢) ~ R,? with an injection
i:R3— A(W),
>3
i:Apt—> ((Ag,0), (e, 0)) (3.2

Now there exists a homomorphism ‘p’
p € Hom(E(3, R);, Aut(R%)
with
pALR),):A = R-A Y (AL, R), ) e E(3,R); ® RY
with
J((4, R), 1) 0 i(Ao) = i(p(A1, R), 1)(4y))
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where j is the section
J: (A, Ry, 1) > (0, 4,), (R, 1))
to A(W), from E(3,R); ® R*. The canonical function
g7 € CHEGB,R), ® R, Ry)
is given by
g2((41", Ry, 1), (A% Ry), 1)) = Ay 1y (3.3)

Now via Theorem 2, g;* is 3g,%, which is a co-boundary of B,*(E(3,R); ®
R*, Rg%). But we have

3(gA (A1 Ry), 1), (413, Ry) 15), (413, R3), 13))
= p((4,", Ry, 1) (g4((41% Ry), 1), (413, Ry), 1))
— g4 (((4;" + Ry 4%, Ry Ry), ty + 1), (413, Ry), 1))
+gA(((41Y Ry, 1), (A1 + Ry 413, Ry Ry), 1, + 1))
— g7 (((4 1, R, 11), (413, Ry), 1))
=Ry A2 t;— (A" + Ry ANt + At + 1) — 4, 1, =0

Thus from Theorem 3, (A(W),,¢) is in @£™)1 and is associative, and hence
a group. But since Ker ((;5) K, A(W), isa group extension of E(3,R) ® R*.

(A(W),,¢) € @1 N KK Thus A(W),, which is the Galilei group,
can be written as the group extension

Ro® ® g(EB,R); ® RY), g2 € Z(EG, R), ® R*,Ry?)

The other structures of A(W), are that of a trivial group extension, being
obtained by choosing epimorphisms ¢;

(AW)1,¢)=(R* ® R") [X] p, E3, R),
p2 € Hom(E(3,R);, Aut(R?® ® R*)) being defined as
p2((A1, R): (Ag ) > (R- Ao + 4, 1,1)
(AW, ¢3) = (R*[X] p3 E(3, R))) [X] wR*
Where in Ker(¢,) = R*[X] p3 E(3, R);, the homomorphism p; is given by
pi(A41, R): Ay RA,
and the homomorphism p € Hom(R*, Aut(Ker(¢,))) is
p(®): (A, R)) = (Ao + A, £,(Af, R))
(A(W)1,¢4) = (R* ® R [X] p4(0(3, R) ® R¥)
where p, € Hom(0(3,R) ® R*, Aut(R? ® R;?) is defined by
pa(R, 1):(x, V)= (R-(x —vt),R"V)
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The group extension (A(W),,¢) is of most interest to us. Let us consider
the co-cycle
gj2 € sz(E(3s -R)l X R+: R03)

we can analyse g2 into 4 so called ‘cup-product’ of certain I-co-cycles.
We discuss first the concept of cup-products,
‘Cup-Products’ of Co-chains

LetTT1,, [ ];and [ be three G-modules, defined as such via p; € Hom(G,
Aut]T,))i=0,1and2. ThemodulesT]; and [ ], are said to be ‘paired to T ]’
if there is a function P:] | ;x [ ] =11 P: (my,m)t> 7 U, ¥V (7, ) €
T1; x I'I, such that

W) mU@@,+m)Ys=a Umy+a Uay
(i) (my +m) Uary=a U " 7 U arye
(i) p(g)(my U m3) = py(8)(m1) U po(g) (7r2)
Let us now consider the zero-sequences
Eo(G,111),€(G,]12) and €G.TD)
There exists a pairing P’
P’ CNG, 1) x CRAG, T o) — Cpv™(G, T ) P'(f1,.) = /i Ufa
Where we define

fl Uj‘z(gla > *sgm;+m2) "‘fl(gf . '=gm1) U pz(gmp - -agml)
(f(gmri—l gmﬁmz)) v (gb s gm1+m2) e gGmm

Moreover, one can show (Eilenberg & Maclane, 1947b) that if
.fl € Z};)lll(G: HI):fZ € ZZ?(G’ I_[2)

HUSLeZp ™G, D)

whilst pairing of co-cycles and co-boundaries with co-boundaries produces
co-boundaries.
Thus, given f; € Z},(G, T10)» f» € ZL,(G, o) there is a co-cycle

[1UfeZXG, D

1 U fig1,82) =11(g1) U palg) (f(g2)

Let us now consider the 2-co-cycle g2 € Z2(E(3,R) ® R*,R,%). Now the
groups R,%and R* can be paired to R,® via

AUt=AtV A eR}? teR*
Consider the co-chains
f1€ Clu (EG,R); ® R, R
fit (AL, B), D)= A

then

with
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Clearly
fi €Zim(EB,R); ®R*, R}

where cani((Ay, R),t)A; — R-A,. Similarly, there is a 1-co-cycle

f2€Z0(EB,R); ® R*,R*) =Hom (E(3,R); ® R*,R")f3: (A}, R), 1)t

Forming the co-cycle f; U f5 € Z,2(E(3, R); ® R*,R,%), we have
SULWAL R, 1), (A% Ry, 1) = A 1y

Thus we surmise that g = f; U f,. This notion of “pairing’ will be useful in
the following work. We can pair R;3 and R* to R}_; in exactly the same way
as outlined above.

Case 3: The Loop A(W),
The multiplication table of A(W), is
((Aola Al l, A21)7 (Rl, tl)) o ((Aoza Alz’ A22)9 (—RZ’ tZ))
=((Ap' + Ri AP + A1ty + 34,12 A + RA 2+ Ay o,
Ry Az 4+ A1), (R Ry, ty + 1))

We shall exhibit A(W), in two different ways a group prolongation. Define
firstly a homomorphism @, € Hom(4(W),, E(3,R), ® R!) by

D1((Ags Ag, A1, Ay), (R, 1) > (45, R), 1)

Then Ker(2,) ~ R?* ® R,? with an injection

I;: R* ® R;3 > A(W),

I: (Ag, A1) > ((Ag, A1, 0),(e,0))
The canonical section from E(3,R), @ R* to A(W), is

J: (A, R, 1) > (0,0, A,), (R, 1))
and if p, e Hom(E(3,R), ® R*, Aut(R,* ® R,%) is defined by

p2((A2, R),1):(Ag, A = (R-Ag + Ay 1, RA)

J((A2, R), 1) 0 i(Ag, A1) = i(p2((42, R), 1) (4, A1)
The prolongation (4(W),®P,) is thus in the class KE?1, The canonical
co~chain g/ € C?p,(E(3,R); ® R*,R?® ® R,%) is clearly
(42", R, 1) (A% Ry), 1) = (34, 1%, 4, 1))
We must compute g;° = 8(g;?) € B(E(3,R), ® R*,R? ® R,?) to obtain a
narrower classification of (4(W),, @,). Now
a(gjz) (((Azla Rl)’ tl)’ ((A223 -RZ)a t2), ((A23s R3)a t3))
=@R 4212+ 42t 1, Ry A7 13) — (3(A,' + Ry 4,7 12,
X (A2' + Ry A7) t3) + GA (2 + 13)%, A58, + 1))
— (34,1 12, 450 1) = (A2 138, + 431 1, 15,0)

then
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We see that the 3-co-boundary 6(g;%) = g,* does not vanish, and hence
(A(W)y, D)) € (R® ® R H§®
"é (R3 ® RI3)IO(er(<D) n @Il(er(@)
Case 4: The Loop A(W),
Multiplication in A(W), is defined by

(Ao, 4,1, 4y, 451, (Ry, 1) 0 (A%, 412 425, 430, (R, 1))

=((do' + Ry Ag® + §A:1 1,3 + 34,1 12 + Ay ' 1,

Al RIAPZ+ A2+ Ay 1,

Ay + Ry A2 + A3 15, A3 + RV 45%), (R Ry, 1 + 1))
A(W), can be exhibited as a prolongation in the following way. Define
@, € Hom (A(W);, A(W)y-)
D2 A(W); — A(W)y-

@1 : ((A07 Ala AZs AB); (R3 t)) = (A29 ((Aih R)n t))
Then Ker(®,) is isomorphic to R3 ® R;% The group A(W),  has the
analogous structure to the Galilei group:

R23 ® f;”Ufz”(E(sﬂ R)3 ® R+)
Where the 2-co-cycle ;" U £," € Z2, (E(3,R) ® R*,R,%) is defined by the
pairing of the groups R,® and R* to R,3
A3 U = A3 t
and the canonical co-chains
.fl” € Zcian(E(?’» R)J ® R+7 RBS); f2" € chan(E(sa R)S ® R+9 R+)
There is a homomorphism
ps€ Hom (R ® ;-1 -(E(3,R); ® RY), Aut(R® ® R;%)
defined by
P4((A27 ((Ab R)5 t) : (A(h Al) g (RAO + Ai ts RAI)
which in terms of the canonical section
JR AW ) — A(W),
. j: (AZ,((A3; R)a t) > ((0, 0: A2’ AS); (R’ t))
satisfies
J(A42,((43, R), 1) 0 [i((Ao, A1) = Ii(pa(4,, (43, R), 1)) (4o, 41))

Thus (4(W);,P)) € (R? ® Ry)E®D, The canonical co-chain of the
prolongation
) g € C2(A(W);, R®* ® R%)) =
is
g4, (455 R, 1), (423, (457 Ry), 1))
= (34, 12° + 34,1 12,445 12 + A, 1)
7
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Then g;* = 8(g,*) is a co-boundary of B} (4(W),»,R* ® R;%) which does
not vanish
gj3((A2I, ((A3l9 Rl): tl): ((A227 ((AJZ: -Ra t2)): (A23’ RS): t3)))
= (3(45'(12 5) + A2(t2 1)) + Ay 1y 15+ 42 1544, 0)

Thus we surmise

AW)5, Dy) € (R® @ RIKer®D

(4075, B)) € Of7: N (R © R, 5@

Case 5! The Loop A(W),
The multiplication in A(W), is
(o', 4,1, 451, 451, A, (R, 1y)) 0 (A%, 412, A%, A%, AP, (R, 1)
= (o' + R o> + Ay 1 + 345" 67 + 3451 157 + 5544105,
Al RUAP + A 1+ 3451 12 + 344 1R,
A+ Ry AP+ Ayl ty + Aty + 34,1 157, 451
+RiA2+ Al 1, A+ R AP, (R Ry, 1y + 1)
Firstly, we shall exhibit 4(}¥), as a prolongation of A(W),” (defined via
the epimorphism @,
D, € Hom (4(W)g, A(W),")
by the group R* ® R;3. The epimorphism @, is
@l : ((A(b Ab ASa Aé-): (Rs t)) = (AS: ((A4: R): t))
and Ker(®,)isisomorphic to (R* @ R,%) ® R,?, the latter being embedded
in A(W), via the monomorphism
Il : ((A09 4 l)a Az) = (A()a Als AZ’ 0: 0): (6‘, 0))
The group A(W),” has a structure akin to the Galilei group
R;* ® (E3,R)s ® RONA" UL

Where f;” U f," € ZL(E(3,R), ® R*,R;?) is defined by the pairing of R,3
and R* to R;?
A4 Ut= A4t

and the canonical 1-co-cycles:
N eZ(EG,R)s @ RYL RS
1" € Z(EG3, R), ® R*,R*) = Hom(E(3, R); ® R*,R¥)
fiUL(((4aY Ry, 1), (4425 Ry), 1) = A,' U oy
Now there exists a function
ps € CHAMW),", Aut((R’ ® R;%) ® R,?))
pe ¢ Hom (A(W);, Aut(R* ® R/%) @ R;?))
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defined by
pe((A44, R), 1) (Ao, A1), A) > (RAg + A t + 34,13, RA, + A, 1), RA,)
such that if j is the section
J AW — A(W),
j: (AJ: ((A4a R): t)) = ((Oa 09 09 A3, A4)a (Rs t))
then
Ji(43,((44, B), ) 1;((Ag, A1), 43) = L1 (ps(A3, (A4, R), 1) ((Ag, 41), 4)
if we define
ps’ € CHAMI AUt (R ® RyY) ® RyY)
by
Il o P6'(A3’ ((A4’ R)s t) = PG(A3’ ((A45 R); t) o Il,
ps € Hom (A(W),, Aut (R® ® R,?))
We must have (A(W),, D;) ¢ (R* ® R 3)Eer @0
The canonical ‘co-chain’ g2 € Ce#(A(W)1,(R? ® R;?) ® R,%)is given by
22451, (441, Ry), 11)), (432, (442, Ry), 1,)))
= (a4 2* + 3451 13,34, 12 + 1451 1,79), 34,1 12 + 451 ty)
We now compute the function g;° = 8(g;?), we have
g,(A451, (44", R, 1)), (432, (R%, Ry), 1), (433, (443, Ry), 13))
= pe(43', (44", Ry, 1) (g4((43% (443 Ry), 1)), (453, (443, R;), 13))
8 ((As' + Ry A2+ A 5, (A4 + R A2 Ry Ry), 1 + 1)),
((45°,((44, R3), 1)) + g2((4,1, (441, Ry, t1),
(A2 4+ Ry A3 + A2 15,(A4* + Ry A, Ry Ry), 1, + 1))
—g2((45",((44", R, 1)), (45%, (442, Ry), 12)))
After a long calculation we find that
g2((45", (44", Ry), 1), (432, (443, Ry), 1)), (433, (443, R3), 13)))
= (G 2t + A2 13 1) + H A 1212 + 4212 1)2)
+3A (82 1y + 157 1) + 342(8% 1 + 12 1),
AL 2+ A2 62 1) + Ay 1t + A2 1,1),0)
Thus g;% € Co*(4(W),+,R* ® R;?), so we must have
(A(W)4, Dy) € (R® @ R 3P
For further information, we have to compute the 4-co-boundary
g;* =08(g,°) € Big(A(W),R* ® R%)
On computing the co-boundary, we find that g;*#0, so that
(A 1) ¢ (R © Ry N OFReRMI0RS

then
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However, if we define the sub-loop A(4), of A(W), by the loop obtained
when rotations are omitted, with multiplication table

(4o, 4,1, 45", 45", 441, 11) 0 (A%, 412, 457, 437, A5, 1)
=((Ao" +354data* + 34587 + 34217 + A1 1, + Ao®
X A+ A2+ 34417+ 34307 + Ay ty, Ay + A)?
T34 02+ Ay, A+ AP+ A 1, A+ AP, 4+ 1)
and define a homomorphism ¥:4(W), — (R;* ® R} ® R* via
Wi (Ao, Ay, Azy A3, Ag), 1) > (43, 44), 1)
Then Ker (¥)isisomorphicto (R* ® R;%) ® R,3, the latter being embedded

in A(W), by
I ((AO, Al)a AZ) > ((A()’ Ala A2a 09 O)s (e’ 0))

If
J:(RPZ @ R @ R — A(W),

J: (43, 44),1) = ((0,0,0, 43, 44), 1)
is the canonical section from (R;* ® R, ® R* to A(W), and
re CY(Ry* ® R @ RY, Aut((R* ® R,°) ® Ry?)
p ¢ Hom ((Ry* ® R,%) ® R, Aut((R* ® R;%) ® R,%)
is
(A3, A),1): ((Aos A1), A2) > (Ao + 34,82 + Ay 8, Ay + Ayt), 4))
Then, if J embeds R* ® R,?into (R? ® R;®) ® R’
(45, 42, 1) 1((Ao, A1), A3) = I(p((A43, Aa), 1) (Ao, 4)), A2))
and if p' is defined by
w' (43, 44), 1) = p((A3, Ag), 1) 0 P

and
p' € Hom((R;* ® R%) ® R*, Aut(R’ ® R,%)

Then (A(W),, D) ¢ (R* ® R e,
The canonical 2-co-chain g ;2 C?((R;® ® R3) ® R*,(R* ® R;®) ® R,%)
is
gjz((ASI’ A4l)’ ((A329 A42)9 tz))
=(Gads 1} + 3451 53,34, 17 + 345" 1,7, 34, 152 4 451 1)
The function g;* = 6(g;?) is found to be
g5 ((A4s1, 44", 11), (452, 447, 1), (453, 44), 1)
=4 13+ A2 13 4) + HAS 2 1% + A2 12 147)
+ 34,112 15 + 12 1) + 1A (Pt + 1517,
A4 2+ AP 12 1) + Ay bty + A 131),0)
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This is the same form as the co-chain we obtained for (A(W),, ). But, on
computing the co-boundary g;* = 8(g;*) we find that g;* = 0. Hence,

g7 € Z3(A(W), R* @ R}?)
with
(A(), @) € (R? ® R, 2404 N @R SRIISR?
Case 6: The Loop A(W)s

This is the last loop whose structure as a prolongation we will consider
(the amount of tedious calculation increases as a very high power of ‘m’!)
The multiplication table for A(W); is

((4o', 41", 451, 4y, Aa", A5Y), (R 1) 0 ((Ao% 412, A%, 452, 442, A (Ry, 1)
=((Ao' + RM A + 3545 15 + A 0 + 34 13 + 34, 152 + Aoy,
AV RVAZ + A+ FA 5 1A 1+ Ay 6, A+ R A2
+ 343 340 12+ A, A Ry AR A 2+ A
+ Ry AP+ A5t 1y, At + Ry A2, (R Ry, ty + 1))
We exhibit A(F¥)s as a prolongation of A(W)* by R*® ® R,* Define
®; € Hom(A(W)s, A(W)") by
D, :((do, A1, Aa, A3, Asy A5)y (R, 1)) > (44, (45, R), 1))

Then Ker(®,) ~ (R* ® R;%) ® (R,® ® R;3), which is embedded in A(W);
via the monomorphism

Il :((A()a AI)’ (A25 AZ)) > ((AO: Ab AZ; A}) 0: 0), (en O))
As before, we can analyse the structure of the group A(W)}? into that of the

group extension
R: ®(EG,R)s @ RT [P U f¥
where the co-cycle f{*U fi € Z2,(E(3,R)s ® R*R,?) is defined by the
pa:inLg} t= At of Ry® and R* to R,3, and the canonical co-chains
I € ZW(EG, R); ® R*, RS
¥ e Zl(EG3,R); ® R*,RY)
The canonical section ¢ from A(W)¥® to A(W)s is
J:(4s, (45, R), 1)) = ((0,0,0,0, Ay, 45), (R, 1))
which, with the non-homomorphic function
y € CHA(W)P", Aut((R* ® R,%) ® (R, ® R;¥))
¥(44,((45, R), ) (4o, A1), (42, 45))
=((RAg + 3431 + 34,12+ A1 1, RA; + 3451 + A, 1),
(RA,+ A4t, RA3))
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satisfies
J(A4, (45, R), 1)) 1;((Ao, A1), (42, 43))
= I)(y((44, (45, R), 1) ((Aos A1), (A2, 43))
and gives rise to the canonical 2-co-chain g2
£7(((441, (45", Ry, 1)), (442, (457, Ry), 15))
=((73545" 1° + 544" 1, 52451 1, + 34,1 1,9,
(FA4s' 17 + 34, 12,3451 152 + 4, 1))
Now, if J* embeds R?® ® R;? into (R? ® R;*) ® (R} ® R;?), then the
function “y” defined by the rule y(44,((4s, R), 1)) o J =Jyy'(44,((45, R), 1)),
is in Hom(4(W),*, Aut(R* ® R,?%). Which means that
(A(W)s, D ¢ (R* @ R¥)§er®
The function g;* = 8(g;?) is found to be
g2((44", (45 Ry), 1)), (443, (452, Ry), 1)), (44, (453, Ry), 15)))
= (Ga(4s' Lt + A2 13 1) + (A5 (1 157 4 657 15%) + A55(1°1,2
+ 12125 {4 (P 1) + A2 12 )
+HA4' 157 152+ AP 17 1), (As' 1+ A 150 1)
+ 345 12157 + A2 12 157 + (B4 (1P 1+ 152 )

+ ARt + 12 1)), GAs 2t + AP 1P 1 4+ A 1t + 447 151,,0)
Thusg;*#0andg,* ¢ C,%(4(W)*, R* ® R,?). This means that we must have
(A(W)s, D) ¢ {75, (R @ R, T)s
One must therefore proceed to compute g;* = 8(g;) in order to further
categorise the prolongation. So far, the tedious calculation has not been

performed. It has been performed for the sub-loop A(W)s of A(W), with
trivial rotations. Here we find the interesting result that

gt=0, g ¢CUA(W)5, R ®RY)
We surmise then that
(E(W)s, @) c @ll(er(q))’ ¢ @ll(er(tb) N (RS ® RIJ)il(W)S

Due to the very quickly rising length of calculation with ‘m’, we terminate
our considerations of the loops

AW)wmeZ*

here, for m = 5. We have, however, gone far enough to see the trend of our
work. As ‘m’ increases; the associativity of the loops A(W),, decreases.
Specifically, for m =0 and 1, the loops A(W), and A(W), are associative
groups; A(W), being the Galilei group. For m = 2, we encounter the first
non-associative group. It is a prolongation of the simplest kind

( L, @) e ngr(sb)
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For m = 3, we encounter a less associative loop in the prolongation class
( L, (_p) = ( Kllcer(di) — ( KIICer(d?) N @lL)) c Kll(er(¢)
Again for m = 4, we find that
(L, D) € KL N @Fex®
and finally, form =35
( L, Qj) e (@ll(er«b) . ( KIL N @ll(er@))) c @Ilcer@)
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